This paper investigates the convergence rates of several controllers for low dimenional nonholonomic systems in power form. The method of multiple scales is found to be effective in determining the asymptotic form of the solutions. The general form of the perturbation solutions indicates how parameters in the control laws may be chosen to achieve a desired convergence rate. A detailed analysis of controllers exhibiting exponential convergence is induded.
Introduction
This paper focuses on the problem of determining the rates of convergence of control systems of the form m :i= Egi(4)ue(Xt) E R, (1) where each g, is a smooth vector field on R" and the controls, 1 (x,t), are continuous fiuctions of z. System of this form arise in the study of mechanical systems with velocity constraints and have received renewed attention as an example of strongly nonlinear systems. See [9] for an introduction and more detailed motivation. For such systems, control methods based on linearization cannot be applied and nonlinear techniques must be utilized. Convergence rates of solutions are of practical importance and we attempt to shed some light on the connection between convergence rates and the smoothness of the feedbackiux, t).
A cotrol law u = k(z,t) globally stabilizes a point xo E Fr if z(t) -+ x0 as t -4 X for all initial conditions of the system. For a nonholonomic control system, the dependence of a stabilizing control law on time is essential since the system (1) does not satisfy Brockett's necessary condition for smooth or even continuous stabilization 11]. Hence there does not exist a snooth static state feedback law which stabilizes the system to a point. Recent work by Coron has shown that it is possible to stabilize a nonholonomic system using time-varying feedback [2] . Constructive approaches have been presented by Samson [11] , Pomet [10] , and Coron and Pomet [3] . In this paper we analyze some specific nonholonomic systems in so called power form [13] . The structure of the stabilizing control laws are taken from [13] . These control laws are based on earlier work using sinusoids for open-loop planning and have connections with the recent work of Sussmann and Liu [12] and Gurvits [4] . (2)
The control Lie algebra for this system is spanned by the input vector fields and Lie products of the form ad4lg2. It is worthwhile to note that this form satisfies some of the simplifying assumptions used by Pomet to generate controllers for more general nonholonomic control system [10] .
System in power form characterize the fiundametal difficulties of nonholonomic system in a very simple and useful form. By understanding the geometry of controIlers applied to power form, we hope to understand the geometry of controllers applied to more general nonholonomic systems. This point of view has been used very successfully by Sussmann, who has shown how resuts applied to a "symbolic" represetation of the control system can be used to understand system with a compatible control Lie algebra [8] .
The control laws studied here are based on those presented by Teel et al. in which sinusoids at integrally related frequencies locally stabilize power form system to a point [13] . Necessary and sufficent conditions for conversion to power form are given in this reference. Teel's controllers have the form n-2 Ul = -z -ZEX+2(sint-cst) j=l we-2 U2 = -X2-Ecjzj+2cosjt, j=l (3) with cj > 0. The proof of the stability relies on the interaction between sinusoids at integrally related frequencies to produce motion in the appropriate directions. We use essentially the same structure as (3) except that the zx's are replaced by general functions of these variables. The reader is referred to [13] for more details.
We explore the convergence properties of these controls laws usin multi-time scale analysis techniques and concentrating on low-dimensional cases. We are optimistic that the stabilizing controllers presented here can be extended to the more general case and that by understanding their action on a canonical system, we can understand their extension to systems with a similar Lie algebraic strcture.
3-Dimensional Power System
The three dimensional nonholonomic system in power form is represnted by the following system of equations:
We will study the behavior of the closed loop system under the following feedback:
The slow and fast time scales are considered unrelated as far as these equations are concerned. Hence A' is equated to (12) where F1(.) and F2(.) are smooth functions but otherwise unspecified. Center manifold theory may be used to choose the Fi2's such that the origin is locally asymptotically stable in the closed loop system [13] . EI order to study the rates of convergence of the solutions, it is useful to employ a two-timing perturbation procedure [7] . The method of two-timing will be used to develop the structure of some approximate solutions of system (4) (7) (8) (9) (10) Here *, denotes differentiation with respect to t and z denotes differentiation with respect to r. Equation (9) implies that 23 is a function of r only, 23(t,r) = As(r).
In terms of A3(r) equations (7) and (8) Z2(t,r) = 2F2(A(r))(-Cl + Sj).
A3(r) is deterMined from equation (10) , A3(r)' + 53 = 22(-tl + Fi(4)cI). (11) Substituting the expressions in (1I) into equation (10) yie, (13) then the origin is locally asymptotically stable [13] . We introduce the parameter e by scaling the dependent vaiables (Z1, X2, X3) -* (CiX1, zEX2,e z3). The closed loop equation transform to,
The equation (12) (jt) ad i2(t) and t2(t) are given by the expression (11). Figure 2 compar the perturbatimo solution with numerical integration for this nonsmooth system. Figure 3 is a semilog plot of the EBdidean norm of the states rom. Figure 2 and However, Kawski has developed some usefi theory for aspealclass of vector fields [6] . l the interest of consermng space only those details necessary for the study of this example will be introduced [6] . However, we may simulate the equations on the sphere and characterize the attractive invariant sets for the time-periodic system in the eXtended phase space 52 X S'. This iS Caied out below.
The equations on the sphere p(z) = This analysis reveals the relationship between regularity of the control law and the corresponding achievable convergence rate. We have not exhausted all of the possibilities for choosing the functional dependence of the Pi's for exponential stability. As long as their product is z3 we would expect exponential convergence. 'However, our choice is the most regular in terms of the H8lder continuity of the control law. Similarly, suppose a Lipschits feedback is desired for the S3-system. The perturbation result indicates that the fastest convergence rate possible corresponds to, the analysis must be carried out on a cae-by-case basis. We now look at the 4-dimensional power system.
Refer to the 4 (23) obtained from the multiscale analysis. Only 3 and x4 are shown in Figure 6 since the perturbation solutions for xI and x2 are just algebraic functions of z3 and z4. G1 ( 
We have abused notation by using A3 and 4 to represent the dependent variables in the averaged equations. To guarantee exponential stability we need to chose the highest order terms 
